Bounds on the angles for the parameterization of three neutrino mixing 
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An algebraic approach is used to derive symmetry relations for the parameterization of the three 
neutrino mixing matrix. The symmetry relations imply bounds on the mixing angles. Including 
a CP violating phase S, the mixing angles 6j k lie in the range [0,ir/2], and S lies within [0,27r). If 
one restricts the CP phase 5 £ [0, 7r), then one must extend the range of either 812 or O23 to [0, 7r). 
In particular, for no CP violation, one can set (5 = and S = n with Ojk in the range [0,7r/2]. 
Alternatively, one can set 8 = only, and allow either O12 or O23 to lie within [0,7r). 

PACS numbers: 14.60.-z,14.60.pq 
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An abundance of data now demonstrates that neutri- 
nos oscillate between flavor states while propagating in 
vacuum. Analyses of the data in the context of three 
neutrino mixin g ca n be found in Refs. Q H H H H 
! H El [Hill El 13 13 El 13 m Convention- 
ally, the standard model of the electroweak interaction is 
extended to include a mass term for the neutrinos and 
to include a unitary mixing matrix which relates the fla- 
vor eigenstates of the neutrinos to the mass states of the 
neutrinos. The transformation is given by the unitary 
transformation U a j, 



where we use Roman letters, j, for mass eigenstates and 
Greek letters, a, for flavor eigenstates. 

For only two neutrinos, the mixing matrix reduces to 
an element of the commutative group U(l). The sym- 
metries of this theory are readily apparent as vacuum 
oscillations depend only on one mixing angle and one 
mass-squared difference, in the limit of p > m. In a 
three neutrino theory, the mixing matrix is an element 
of a non-commutative group. Symmetries in the param- 
eterization are then less obvious. We here derive, for 
propagation in vacuum, symmetries among the mixing 
angles and the bounds on the mixing angles which they 
imply. It is important in analyzing data that the full 
space of allowed mixing angles be explored. The limits 
on mixing angles for for the progation through matter 
have previously been considered in [19j. Our results for 
vaccum propagation are in agreement with theirs; how- 
ever, our use of the symmetry relations permits us to 
arrive at an additional alternative conclusion. A discus- 
sion of the four neutrino case can be found in Ref. |20| . 

Casting the theory in algebraic terms allows us to de- 



termine symmetries of the oscillation probability most 
easily. We refer to |2l| for an algebraic approach to 
vacuum neutrino oscillations. The oscillation probabil- 
ity, valid for an arbitrary fixed number of neutrino mass 
eigenstates, is 
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where P a is the flavor projection operator given by 
(P a )jk = {U^E a U)jk = U*jU a k in the mass-eigenstate 
basis, P + projects onto the positive-energy states, and 
(1) H is an n-particle Dirac Hamiltonian for masses rrij. We 
note that adding multiples of the identity to the Hamil- 
tonian leaves Eq. invariant and recall that the trace 
is cyclical. For the case of three neutrinos, the relativis- 
tic limit of the above equation is equivalent to the usual 
oscillation formula 



V a ^ [3 {L/E) = tr[Ue lML l 2E ljt E a Ue~ lML / 2E U^ E p ] 
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where A4 is the diagonal matrix with entries 
(m 2 ,m|,m|) and ipj^ := Aj k L/4E with Aj k := m^—m 2 ,. 

The Maiani parameterization |22| of the three-neutrino 
mixing matrix is 
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C12C13 S12C13 Sl3e~ tS 

U (023,013,012,(5) = | -S12C23 - c 12 s 2 3S 13 e lS c 12 c 23 - s 12 s 23 s 13 e l5 s 23 c 13 I • (4) 
S12S23 - ci 2 c 23 s 13 e lS -C12S23 - si 2 c 23 s 13 e l5 c 23 c 13 



where Cjk = cosOjk, Sjk = smdjk, and 8jk, 6 are real. 
Noting that the mass-squared differences must satisfy 

A12 + A 23 + A31 = , (5) 

the oscillation probability in Eqs. (3) contains six inde- 
pendent parameters. We assemble the mixing angles and 
CP phase of Eq. (0J into the quadruple (023, 013, 012, -5) 
with the understanding that the mass-squared differences 
remain unchanged. 

Invariance of the oscillation probability in (|3b|) is 
equivalent to the invariance of the trace in (|3af) . We 
employ the fact that the trace of an operator A remains 
unchanged when conjugated by any unitary operator U 

tr[A] = tv[UAU^] . (6) 

We consider only parameter changes that leave the mass- 
squared differences fixed. We use Eqs. (3) to define an 
equivalence class among parameter sets; explicitly, one 
set of parameters is deemed equivalent to another set of 
parameters if the oscillation probabilities P a ^p(L/ E) are 
identical for all values of a and (3. This equivalence will 
be expressed via the relation =. 

The group SO(3) has three generators. We shall rep- 
resent the group as real matrices acting on R 3 and ex- 
press the exponentiated generators as Uj(6), a rotation 
by angle about the jth axis. We need make the 
additional definition for Sg 6 SU(3) by setting Ss — 
diag(e- 4<5 / 2 ,l,e J ' 5 / 2 ) and letting 

U s 2 {9) = S s U 2 (0)Sl . (7) 

The neutrino mixing matrix J3J may be expressed as 

U(0 23 , 013, 012, S) = U 1 (9 23 )Ul(0 13 )U 3 (9 12 ) . (8) 

The generalization to N neutrinos may be found in 
Ref. |3. 

From Eq. JJJ), we may extract our first equivalence re- 
lation. For the CP phase S = tt, one finds 

S w U 2 (6)Sl = U 2 (-9) ; (9) 

hence, one has 

ui +7T (9) = ul(-e) . (10) 

The addition of tt to the CP phase can accommodate a 
change in sign of 0i3 

(023, 013, 012, S) = (023, "013, 012, 6 + 7r) . (11) 



Proceeding to further symmetries, a simple calculation 
confirms 

U^)U k {9)U 3 {^ = U k (-9) (12) 

for j k. Additionally, as Uj{ir) is diagonal, it commutes 
with Ss so that 

U {tt)U s 2 {9)U^ =U!(-6) (13) 

for j — 1,3. For the same reason, Uj(n) commutes 
with the mass-squared matrix A4 and the projection E a . 
Combining these results with Eq. JfjJ, we note that the 
following parameters yield equivalent oscillation proba- 
bilities for all values of 6 

(023,013,012,-5) = (-023,-013,012,-5) (14a) 
= (-023,013,-012,-5) (14b) 
= (023,-013,-012,-5) . (14c) 

Additionally, one can determine the effect of adding tt to 
a mixing angle; one finds 

(023,013,012,-5) = (023 +^,013,012,-5) (15a) 
= (-023, 013 + 012, -5) (15b) 
= (023,013,012 +^,-5) • (15C) 

Trivially, the mixing angles satisfy a 2tt periodicity; 
however, from the relations in H15aH15cfl . it is clear that, 
without loss of generality, one may further restrict all 
9jk to lie [3 in the interval [0, tt). In the case of 0i3, we 
are able to further narrow these bounds to [0, tt/2]. An 
application of relation (|14afl followed by l|15b|) yields 

(023, 013, 012,-5) = (023, TT - 013, 012, -5) . (16) 

In general, given a real number x, the map x i— > a — x is 
a reflection about the point a/2 on the real line. Hence, 
we see that if 0i3 should lie between tt/2 and tt, then 
the above relation shows that we have an equivalent os- 
cillation probability for an angle reflected about tt/2. In 
short, we may choose 0i3 to lie in the first quadrant. 

For the remaining mixing angles, we may apply rela- 
tions 114bL (|15a|) . and l|15cf> to achieve 

(023, 013, 012,-5) = (TT - 023, 013, TT~9 12 ,d) . (17) 

From this, one notes that a reflection about 7r/2 in both 
023 and 0i2 results in an equivalent oscillation probability. 
These reflections cannot be performed independently and 
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still result in a equivalent theory. Hence, we only have 
the freedom to restrict either 6*23 or 6*12 to the interval 
[0,7r/2], but not both. 

Relation (|17|) is valid for fixed 6. Should we relax this 
condition on <5, then we have the liberty to restrict both 
mixing angles to lie between and tt/2. Using ltTT|) . (|14a|l . 
and l|15a|l . we have 

(023, 013, U , 6) = (vr - 23 , 9 13 , 9x2,6 + tt) . (18) 

From similar logic, one can also deduce 

(#23, #13, 9x2,6) = (023, 013, TT - 12 , S + It) . (19) 

Permitting a change in the CP phase results in the ability 
to independently reflect these two mixing ang les about 
7r/2; hence, we are guaranteed, as noted in |l9ll25|. that 
all 9jk can be restricted to the interval [0,7r/2] if one 
allows the full range on the CP phase <5 £ [0, 2n). This is 
the common understanding for the CKM mixing matrix 
for quarks. 

As a result of relation (|11|) , the full physics of CP viola- 
tion in neutrino oscillations can be realized by restricting 
the CP phase to lie within the smaller interval 5 £ [0, 7r). 
This is a tacit assumption of many neutrino phcnomenol- 
ogists as they often work in the limit of no CP violation 
by setting 6 — 0. As indicated in [l^, this restriction 
does not account for all the necessary parameter space 
if all mixing angles are in the first quadrant. We show 
that if one does indeed choose to restrict the phase to 
this interval, then one must compensate for this by ex- 
tending the range of either mixing angle 0i2 or 623 to 
[0,7r). Hence, for the often studied case of no CP viola- 
tion in which we choose a unique value for the CP phase, 
say S — 0, then we cannot utilize Eqs. I|18l I19J) . and we 
must increase the range on 9i 2 or #23 to [0, tt) in order to 
consider all possible oscillation scenarios. Alternatively, 
one could use these relations by including both <5 = and 
6 = 7r and restrict all 0^ to [0,7r/2]; this is the solution 
proposed in |l9l |. To ensure that we have not overlooked 
a symmetry which could further reduce the bounds on 
the mixing angles, we have checked numerically that the 
mixing probabilities are indeed unique over the regions 
given. 
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